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a b s t r a c t
We give some conditions for objects X0, . . . , Xr to be what we call a ‘‘cohomologically
Schurian set of generators’’ for the bounded derived category Db(Λ-mod) of a finite-
dimensional algebra Λ. For any such set of generators, we construct a t-structure on Db
(Λ-mod), which has these objects as its simple objects. IfΛ is self-injective, we prove that
the heart of this t-structure is equivalent to a module category. To prove this fact we prove
that the heart has an injective cogenerator.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
In this work we present the concept of a filtration of an object of a triangulated category T with factors in a collection
of objects in T . We use this concept in order to prove the existence of a t-structure in Db(Λ-mod), the bounded derived
category of a finite-dimensional k-algebra Λ, corresponding to what we call a cohomologically Schurian set of generators.
We prove that these generators are the simple objects in the heart of this t-structure. Here k is an algebraically closed field.
We say that a collection of objects U generates a triangulated category T if T is the smallest triangulated subcategory
containing U .
We prove that the heart of the t-structure (C≤0, C≥0) that we defined is equivalent to a module category if Λ is self-
injective. In order to prove this fact we use the objects Ti that were constructed in [3] to prove that the heart has an injective
cogenerator. At the end we given an example for more illustration.
2. Filtrations and t-structures
The extension closure of a collection of objects U is the smallest full additive subcategory E of a triangulated category
T containing U and closed under extensions. If E is the extension closure of U and U is closed under shifts, then E is a
triangulated subcategory.
Let T be a triangulated category andM ∈ T . Let U1, . . . ,Un be objects in T . A filtration of M with factors U1, . . . ,Un is a
sequence of objects and morphisms
0 = M0 α0−→M1 α1−→M2 α2−→· · · αn−1−→Mn = M
such that there exist distinguished triangles
Mi
αi−→Mi+1 −→ Ui+1 −→ Mi[1], 0 ≤ i < n.
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Lemma 1. Let T be a triangulated category. Suppose M ∈ T has a filtration
0 = M0 −→ M1 −→ · · · −→ Mk −→ Mk+1 −→ · · · −→ Mn = M
with factors Ui, 1 ≤ i ≤ n. For every k there exists a distinguished triangle
Mk −→ M −→ M˜ −→ Mk[1],
where Mk has a filtration with factors Ul (l = 1, . . . , k) and M˜ has a filtration with factors Um (m = k+ 1, k+ 2, . . . , n).
Let X0, . . . , Xr be objects of Db(Λ-mod) that satisfy the conditions:
(a) Hom(Xi, Xj[m]) = 0 form < 0,
(b) Hom(Xi, Xj) =
{
0 if i 6= j
k if i = j , and
(c) X0, . . . , Xr generate Db(Λ-mod) as a triangulated category.
Then we say that these objects form a cohomologically Schurian set of generators.
The simple Λ-modules form a cohomologically Schurian set of generators of Db(Λ-mod). For example, property (b) is
just Schur’s lemma.
Let X0, . . . , Xr be a cohomologically Schurian set of generators. We denote by C≤n the extension closure of {Xi[t] : 0 ≤
i ≤ r, t ≥ −n}. By C≥n we denote the extension closure of {Xi[t] : 0 ≤ i ≤ r, t ≤ −n}. In particular C≤0 is the extension
closure of {Xi[t] : 0 ≤ i ≤ r, t ≥ 0} and C≥0 is the extension closure of {Xi[t] : 0 ≤ i ≤ r, t ≤ 0}. It is clear that the
subcategories C≤n and C≥n are shifts of the subcategories C≤0 and C≥0 by−n respectively.
Proposition 2. Let {X0, . . . , Xr} be a cohomologically Schurian set of generators on Db(Λ-mod) and let Y ∈ Db(Λ-mod) be any
object. There exists a finite filtration of Y with factors Xi1 [t1], . . . , Xin [tn] such that t1 ≥ t2 ≥ · · · ≥ tn. In particular, for each
integer, there exists a distinguished triangle
τ≤dY −→ Y −→ τ>dY −→ τ≤dY [1]
such that τ≤dY ∈ C≤d and τ>dY ∈ C>d.
Proof. It is clear that Y has a filtration
Xi1 [t1] = Y1 −→ Y2 −→ · · · −→ Yn = Y
with factors Xik [tk], 1 ≤ k ≤ n. We can choose a filtration with n as small as possible and t1 ≥ t2 ≥ · · · ≥ tk for k as large as
possible for a filtration of length n. Let k < n. By Lemma 1 we can build the following distinguished triangle:
Yk−1 −→ Y −→ Y˜ −→ Yk−1[1], (1)
where Yk−1 has a filtration with factors Xil [tl] (l = 1, 2, . . . , k− 1), and Y˜ has a filtration
Xik [tk] = Y˜k −→ Y˜k+1 −→ Y˜k+2 −→ · · · −→ Y˜n = Y˜ ,
with factors Xim [tm] (m = k, k+ 1, . . . , n). Clearly we have a distinguished triangle
Xik [tk] = Y˜k+1 −→ Xik+1 [tk+1]
β−→ Xik [tk + 1].
Since tk < tk+1, it is clear that β is either zero or an isomorphism. If it is an isomorphism then we can get rid of the objects
Xik [tk] and Xik+1 [tk+1]which contradicts the fact that n is as small as possible. If β is zero then we can rearrange the objects
Xik [tk] and Xik+1 [tk+1] to get the distinguished triangle
Xik+1 [tk+1] −→ Y˜k+1 −→ Xik [tk]
β−→ Xik [tk+1].
We can use the distinguished triangle (1) to get a new filtration Y with factors t1 ≥ · · · ≥ tk−1, tk+1, tk, . . . , which
contradicts the fact that k is as large as possible for n. So k = n. Now suppose that
t1 ≥ t2 ≥ · · · ≥ tk ≥ −d > tk+1 ≥ tk+2 ≥ · · · ≥ tn,
d ∈ Z. By Lemma 1 we can build the following distinguished triangle:
τ≤dY −→ Y −→ τ>dY −→ τ≤dY [1]
where τ≤dY has a filtration with factors Xi1 [t1], Xi2 [t2], . . . , Xik [tk] and hence belongs to C≤d, and τ>dY has a filtration with
factors Xik+1 [tk+1], Xik+2 [tk+2], . . . , Xin [tn] and hence belongs to C>d. 
The filtration satisfying the hypothesis of the previous proposition, i.e., t1 ≥ t2 ≥ · · · ≥ tk, will be called a smooth
filtration.
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Corollary 3. For each integer d ∈ Z, the pair (C≤d, C≥d) is a t-structure in Db(Λ-mod). Moreover we have:
i. An object Y ∈ Db(Λ-mod) belongs to C≤d if, and only if, every smooth filtration of it has factors Xi[t] with t ≥ −d.
ii. An object Y ∈ Db(Λ-mod) belongs to C≥d if, and only if, every smooth filtration of it has factors Xi[t] with t ≤ −d.
iii. The heart H of the t-structure is the extension closure of {X0[−d], . . . , Xr [−d]}, which coincides with the class of objects
Y ∈ Db(Λ-mod) such that every smooth filtration of Y has factors Xi[−d].
Proof. It is clear that Hom(X, Y ) = 0 whenever X ∈ C≤d and Y ∈ C>d = C≥d[−1]. Bearing in mind that C<d = C≤d[−1] ⊆
C≤d and C≥d ⊇ C≥d[−1] = C>d, the first statement in the corollary follows from the definition of a t-structure [1, Definition
1.3.1] using the last part of the above proposition. As regards assertion (i), we only need to prove the ‘only if’ part. Let then
Y ∈ C≤d be any object and 0 = Y0 −→ Y1 −→ · · · −→ Yn = Y be a smooth filtration with factors Xi1 [t1], . . . , Xin [tn]with
t1 ≥ t2 ≥ · · · ≥ tn. If tn ≥ −dwe are done. So assume by reduction to absurdity that tn < −d, in which case we can choose
r ∈ {0, 1, . . . , n} such that t1 ≥ · · · ≥ tr ≥ −d > tr+1 ≥ · · · ≥ tn (adopting the convention that r = 0 means that−d > tk
for all k = 1, . . . , n). Then we have a distinguished triangle
Yr −→ Y −→ Y˜ −→ Yr [1]
such that Yr ∈ C≤d and 0 6= Y˜ ∈ C>d. But since Yr and Y belong to C≤d it follows that also Y˜ ∈ C≤d. Then we get Y˜ = 0,
which is a contradiction.
Assertion (ii) follows on applying a dual argument.
Finally, due to assertions (i) and (ii), the heartH consists of those Y ∈ Db(Λ-mod) such that every smooth filtration of Y
has only factors Xi[−d]. Any such Y belongs to the extension closure of {X0[−d], X1[−d], . . . , Xn[−d]} and, conversely, it is
obvious that every object in the extension closure of this set belongs to C≤d ∩ C≥d = H . 
Proposition 4. The objects X0, . . . , Xr are the simple objects in the heart of the t-structure (C≤0, C≥0).
Proof. By Corollary 3iii, X0, . . . , Xr are in the heart of the t-structure. Firstly we will prove that these objects are simple.
Then we will prove that there are no other simple objects in the heart. Let
0 −→ Y −→ Xi −→ Z −→ 0
be a short exact sequence in the heart. So we have a distinguished triangle
Y −→ Xi −→ Z −→ Y [1].
Z has a filtration
0 = Z0 −→ Z1 −→ Z2 −→ · · · −→ Zn = Z
with factors Xi1 , . . . , Xin . Take the distinguished triangle
Zn−1 −→ Z −→ Xin −→ Zn−1[1].
By the octahedral axiom we can build the diagram
Xi −→ Z −→ Y [1]
‖ ↓β ↓
Xi
α−→ Xin −→ M↓ ↓
Zn−1[1] = Zn−1[1]
where each rowand column is a distinguished triangle and Y [1] andM arewell defined up to isomorphisms. By the condition
(b) in the definition of the cohomologically Schurian set of generators,α is either 0 or an isomorphism. If it is an isomorphism
then M ∼= 0 and hence Zn−1 ∼= Y [1]. But this is a contradiction unless Y ∼= 0, because Y [1] ∈ C≤−1 and Zn−1 ∈ C≥0 which
means there is no non-zero homomorphism from Y [1] to Zn−1. So Y ∼= 0 and hence Xi ∼= Z; thus Xi is simple. Note that
if Zn−1 ∼= 0, then Z ∼= Xin and hence again Y ∼= 0. Now if α is zero then β should factor through Y [1], but again this is a
contradiction because Y [1] ∈ C≤−1 and Xin ∈ C≥0 which means there is no non-zero homomorphism from Y [1] to Xin , so
Y ∼= 0 and hence Xi ∼= Z . Thus Xi is simple.
Let Y be a simple object in the heart. Y has a filtration with factors Xik and distinguished triangles
Yk −→ Yk+1 −→ Xik+1 −→ Yk[1], k = 1, . . . , n.
Take the distinguished triangle
Yn−1 −→ Y −→ Xin −→ Yn−1[1].
Since Y is simple, we have Y ∼= Yn−1 or Y ∼= Xin . Note that if Y ∼= Yn−1, then Xin ∼= 0, which cannot happen, so Y ∼= Xin . Thus
there are no other simple objects up to isomorphism other than the objects X0, . . . , Xr . 
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3. The heart of the t-structure
It is convenient to recall here that in this section (C≤0, C≥0) is the t-structure constructed by the cohomologically Schurian
set of generators X0, . . . , Xr whichwere described in the previous section.We suppose thatΛ is self-injective in this section
and prove that the heart of the t-structure (C≤0, C≥0) is equivalent to a module category. To prove this fact we prove that
the heart has an injective cogenerator.
Lemma 5. There exists a family {T0, T1, . . . , Tr} ⊂ Db(Λ-mod) such that Hom(Xj, Ti[m]) = 0, whenever i 6= j or m 6= 0, and
Hom(Xi, Ti) is a one-dimensional vector space for i = 0, 1, . . . , r.
Proof. It is given in [3, p. 469 and subsequent lemmas] for symmetric algebras, but the proof is valid here since it only
requires that injective modules are projective, a fact that is also true for self-injective algebras. 
This property characterize the objects Ti. By [3, Lemma 5.5] T =: ⊕0≤i≤τ Ti belongs to Db(Λ-mod) and so has a filtration
with factors Xi[t], t ∈ Z. The above property of the objects Ti implies that Hom(Xj, T [m]) = 0 for m 6= 0 and hence
Hom(Xi[m], T ) = 0 for every Xi and m > 0, so T ∈ C≥0 and hence has a filtration with factors Xik [tik ] such that
0 ≥ t1 ≥ t2 ≥ · · · ≥ tn. Since Hom(Xi, T ) 6= 0 for every Xi, T cannot belong to C>0, so at least one of the ti is equal to
zero. Suppose that t1 = t2 = · · · = tk = 0; then there is up to isomorphism a unique distinguished triangle
τ≤0T −→ T −→ τ>0T −→ τ≤0T [1],
where τ≤0T has a filtration with factors Xi1 , . . . , Xik and τ>0T has a filtration with factors Xik+1 [tk+1], . . . , Xin [tn], where
tk+1, . . . , tn < 0. Thus τ≤0T ∈ H = C≤0 ∩ C≥0.
Lemma 6. Let A be an abelian K-category such that HomA(X, Y ) is a finite-dimensional vector space, for all objects X, Y . The
following assertions are equivalent:
(i) A is equivalent to Γ -mod for some finite-dimensional K-algebra Γ (by A-mod we always mean the category of finitely
generated modules over a given finite-dimensional algebraA),
(ii) A has a projective generator,
(iii) A has an injective cogenerator.
Proof. The equivalence between assertions (i) and (ii) is a by-product of (the proof of) a result of Gabriel (cf. [2, Corollaire
1, p. 405]) and is well known. Since assertion (i) is self-dual, the principle of duality gives the equivalence (i)⇔ (iii). 
Theorem 7. Let Λ be a self-injective K-algebra, {X0, X1, . . . , Xr} be a cohomologically Schurian set of generators and (C≤0, C≥0)
be the associated t-structure on Db(Λ-mod). The heart H of this t-structure is equivalent to R-mod, for some finite-dimensional
K-algebra R.
Proof. Take the family {T0, T1, . . . , Tr} given by Lemma5 and T = ⊕ri=0 Ti. From the abovewe know that τ≤0T ∈ H . The goal
is to prove that τ≤0T = ⊕ri=0 τ≤0Ti is an injective cogenerator ofH . Since all objects ofH have finite length and the Xi are its
simple objects, the injective condition of τ≤0T will follow from the equalities Ext1H (Xi, τ≤0Tj) = 0, for all i, j = 0, 1, . . . , r .
But notice that the short exact sequences inH ‘are’ the distinguished triangles in Db(Λ-mod)which have their three terms
inH (cf. [1, Section 1.2]). Hence if X, Y ∈ H then Ext1H (X, Y ) ‘is’ the set of isoclasses of distinguished triangles
4 : Y −→ Z −→ X δ−→ Y [1],
in Db(Λ-mod) (notice that necessarily Z ∈ H). The assignment 4 ; δ gives a clear isomorphism Ext1H (X, Y ) ∼=
HomDb(Λ-mod)(X, Y [1]) := Hom(X, Y [1]). Now, by applying the functor Hom(Xi,−) : Db(Λ-mod) −→ K -mod to the
distinguished triangle
τ>0Tj −→ τ≤0Tj[1] −→ Tj[1] −→ τ>0Tj[1],
we get that Hom(Xi, τ≤0Tj[1]) = 0 due to the fact that Hom(Xi, τ>0Tj) = 0 (because Xi ∈ C≤0) and Hom(Xi, Tj[1]) = 0
(cf. Lemma 5).
Finally, we know that the assignment Z ; τ≤0Z defines a functor τ≤0 : Db(Λ-mod) −→ C≤0 which is right adjoint to the
inclusion functor C≤0 ↪→ Db(Λ-mod) (cf. [1, Section 1.3]). We then get that Hom(Xi, τ≤0T ) ∼= Hom(Xi, T ) ∼= Hom(Xi, Ti) 6=
0, for all i = 0, 1, . . . , r . This proves that τ≤0T is an injective cogenerator ofH since all objects in this category have finite
length. 
Example 8. LetΛ be the path algebra of the quiver
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with the relation α2 = 0. Take the objects X1 = P1, X2 = S1[−1]. It can be seen easily that the objects X1 and X2 are a
cohomologically Schurian set of generators, and hence we can build a t-structure (C≤0, C≥0). Let X3 = S2; we shall show
that H consists of all finite direct sums of copies of X1, X2 and X3 and we shall show that H is equivalent to a module
category. If we calculate all the possible extensions of the objects X1, X2 and X3 by each other, we will end up with the three
indecomposable objects X1, X2, X3. Now we will calculate the cogenerator τ≤0T = τ≤0T1 ⊕ τ≤0T2 in H . We can guess the
objects T1 and T2 and check our guess via the property
Hom(Xj, Ti[m]) =
{
k if i = j andm = 0
0 otherwise
which characterizes the objects Ti in Db(mod-Λ). Having done that we get
T1 = P1,
T2 = 0 −→
Deg.
zero↓
P1 −→ P2 −→ 0.
Since T1 = X1, τ≤0T1 = X1. We can see easily that we have the following filtration of T2:
X2 −→ S2 −→ Y −→ T2,
where
Y = 0 −→
Deg.
zero↓
P1 −→ P2 −→ P1 −→ 0,
with distinguished triangles
X2 −→ S2 −→ X1 −→ X2[1], (2)
S2 −→ Y −→ X2[−1] −→ S2[1],
and
Y −→ T2 −→ X1[−1] −→ Y [1].
Now we have the following distinguished triangle:
S2 −→ T2 −→ S2[−1] −→ S2[1]. (3)
S2 ∈ C≤0 by the distinguished triangle (2). S2[−1] ∈ C>0 since we have a distinguished triangle
X2[−1] −→ S2[−1] −→ X1[−1] −→ X2.
So the distinguished triangle (3) is isomorphic to the distinguished triangle
τ≤0T2 −→ T2 −→ τ>0T2 −→ τ≤0T2[1].
So τ≤0T2 ∼= S2. Now
τ≤0T = P1 ⊕ S2.
Let P = τ≤0T . By Lemma 6,H ' EndH (P)-mod. Now we are going to calculate the quiver of EndH (P) by calculating all the
sets of homomorphisms between the direct summands of P , which are
Hom(P1, P1) = k
Hom(P1, S2) = k
Hom(S2, P1) = 0
Hom(S2, S2) = k.
So the quiver is
Q = 1 −→ 2.
Now H ' EndH (P)-mod ' RepQ where RepQ is the category of representations of Q over K . By calculating the sets of
homomorphisms between the objects X1, X2 and X3, we can see that the equivalence betweenH and RepQ takes the objects
X1, X2 and X3 inH to the indecomposable objects k −→ 0, 0 −→ k and k −→ k of RepQ respectively. Since RepQ has up to
isomorphism only three indecomposable objects and every object in RepQ is a direct sumof copies of these indecomposable
objects, then every object inH is a direct sum of copies of the objects X1, X2 and X3.
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